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Abstract. In this paper, we derive curvature estimates for strongly stable 
hypcrsurfaccs with constant mean curvature immersed in R™ +1 , which show 
that the locally controlled volume growth yields a globally controlled volume 
growth if dM = 0. Moreover, we deduce a Bernstein-type theorem for com- 
plete stable hypcrsurfaces with constant mean curvature of arbitrary dimen- 
sion, given a finite L p -norm curvature condition. 

1. Introduction 

In [11], R. Schoen, L. Simon and S.T. Yau proved a curvature type estimate 
for stable minimal hyper surf aces in higher dimensional Riemannian manifolds, 
which yielded the general Bernstein theorem for n ^ 5. Then for the surface case, 
the estimate of this type was generalized to stable minimal surfaces immersed 
in a general three-manifold by R. Schoen in [12], and he proved that a com- 
plete stable minimal surface in a three-manifold of nonnegative Ricci curvature 
is totally geodesic. Later in [7], T. Colding and W. Minicozzi gave another type 
of estimates for stable minimal surfaces in a three-manifold with trivial normal 
bundle. 

As to hypersurfaces with constant mean curvature (or simply CMC hyper- 
surfaces), P. Berard and L. Hauswirth obtained a curvature type estimate for 
strongly stable CMC surfaces immersed in space forms in [3J, which was gener- 
alized in [15] to strongly stable CMC surfaces in a general three-manifold with 
bounded sectional curvature and trivial normal bundle by S. Zhang. 

For stable CMC hypersurfaces in higher dimension, Y. Shen and X. Zhu have 
proved that a complete stable minimal hypersurface in M n+1 with j M \A\ n dv < oo 
must be a hyperplane [13], which was later generalized to strongly stable CMC 
hypersurfaces with j M \(j)\ n dv < oo by themselves [H]. For conditions of this 
type, the conclusion remains true, if J M \<f)\ 2 dv < oo (n ^ 5) by Alencar and do 
Carmo [2], or J M \(j)\dv < oo {n ^ 6) by Shen and Zhu [13] . 

In this paper, we will prove curvature estimates for strongly stable CMC hy- 
persurfaces in higher dimensional Euclidean spaces, given a local volume growth 
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condition. We also prove a Bernstein-type theorem without a dimensional as- 
sumption, if f M \ (f>\ p dv < oo, for some p G [1 — | , oo). 

Throughout this paper, : M n — > N n+1 (c) is an isometric immersion with 
constant mean curvature H into a space form of constant sectional curvature 
c. The second fundamental form is denoted by A, and (J) is the traceless second 
fundamental form defined by 

= A - Hid. 

The volume element of M is denoted by (if. Br denotes the intrinsic geodesic 
ball in M, and the extrinsic ball is denoted by 

D R (x) = {yeM: r(x, y) < R} = B R (x) n M, 

where B R {x) is the open ball of radius R in M n+1 , and r is the Euclidean distance 
function in M n+1 . B R (x) and D^(x) stand for the connected component of Br(x) 
and Dr(x) containing x. Note that Br(x) is contained in D R (x). 

We say a CMC hypersurface is strongly stable, if for any h G Cq°(M), 

[ (\A\ 2 + nc)h 2 ^ [ \Wh\ 2 , 
Jm Jai 

which is equivalent to 

(1.1) / U\ 2 + n{H 2 + c)]h 2 ^ [ |V/f . 

On the other hand, a hypersurface with constant mean curvature is weakly stable, 
if for all h G C °°(M) satisfying J M f = 0, 



/ [\4>\ 2 + n{H 2 + c)}h 2 ^ [ \Vh\ 2 . 
Jm Jm 



For H = 0, an immersion is called stable when it refers to the natural stability 
on minimal hypersurface, i.e., for all h G C^°(M). 

The main results of this paper are as follows. 

Theorem 1.1. Let M n be an oriented strongly stable hypersurface with constant 
mean curvature H immersed in W L+1 (n ^ 2). If there exists R®, such that for 
all R < min{i? c , r(x, dM)} and for some a (not necessarily positive), 

(i.2) lag^Kdir* 



where the constant C\ is independent on R and x. Then for some 5 = 5(a) > 0, 
there exists r = r (n, H, a, 8) ^ 1 such that for any x E M satisfying B ro (x) D 
dM = 0, the following inequality holds 

max a 2+2S sup \<p\ 2 ^ 1. 

rn-(j\ / 

This theorem shows that the controlled local volume growth implies a con- 
trolled global volume growth. 

Theorem 1.2. Suppose M n is an oriented strongly stable CMC hypersurface 
immersed in M n+1 (n ^ 2). If M satisfies the volume condition (1.2), then there 
exists a constant C, such that 

sup \4>\(x) ^ C(n, H,e). 

{r(x,BM)>e} 

In particular, if dM = 0, then \<p\ is bounded on M. So there exists K = 
K(n, H, sup \ (f>\), such that for any R, 

M 

\B R \^V(n,K,R), 

where V(n, K, R) stands for the volume of the geodesic ball of radius R in the 
n-dimensional space form of sectional curvature K. 

As an application of the theorems above, we prove the following Bernstein- type 
theorem. 

Theorem 1.3. Let M n be a complete oriented hypersurface with constant mean 
curvature H immersed in R n+1 (n 2) and dM = 0. Assume there exists 

2 

1 ^ p < oo, 

n 

such that 

[ \(j)\ P dv < oo. 

(1) If M is weakly stable with H ^ 0, then M has to be a round sphere; 

(2) // M is non-compact, then M has to be minimal; 

(3) // M is stable minimal and 1 — - ^ p ^ n, then M has to be a hyperplane. 

This paper is organized as follows. In section 2, we follow |TT] to get L p es- 
timates for |0| in space forms, using Simons' inequality and stability inequality. 
Section 3 is devoted to obtaining a local curvature estimate by a general mean 
value equality, which depends on a locally controlled volume growth. In Section 
4, we prove a Bernstein-type theorem, given a finite L p -norm curvature condition. 
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2. LP Estimates 

At the very beginning, we need a Simons' inequality. See [5] or [1] for reference. 



Lemma 2.1. 



. 2|Y7IJU|2 , , „\\A\2 n ( n 2) , , |3 



(2.1) |0|A|0| + |0| 4 ^ -|V|0|| 2 + n(H 2 + c)|0| 2 - - H 

n \Jn{n - 1) 

Then, we can derive a standard L p estimate for \<fr\. 

Proposition 2.2. Suppose M n is an oriented strongly stable hypersurface with 
constant mean curvature H immersed in a space form N n+1 (c) of constant sec- 
tional curvature c. Then for any ^ q < \ we have 



M Jm Jm 

for anyfEC^(M). 

Proof. First, we multiply (2.1) by f 2 \<p\ 2q , integrate over M and integrate by 
parts, which gives 

lS M f 2 \^\ 2q M4>\\ 2 + / n(# 2 + c)/ 2 H 29+2 

JM 

-/a,^==#/ 2 M 29+3 < / fW q+4 ~ [ 2/|<^+ 1 V|0|-V/ 
v"^ 1 ' Jm Jm 

(2.2) -(2g+l) I / 2 |0| 2<? |V|0|| 2 . 

Jm 

On the other hand, replacing / in (1.1) by f\(f)\ q+1 , we have 

/ j 2 h 2 «+ 4 + / n(^ 2 + C )/ 2 i0i 2 ^ 2 ^ / iwi^n 2 

Jm Jm Jm 

= [ |V/|0|" +1 + ( g + l)/|^V|0|| 2 
Jm 

= [ |V/| 2 |0| 2 «+ 2 + (g + l) 2 / / 2 |0hV|0|| 2 
Jm Jm 

(2.3) 2(g+l) / /|0| 2 « +1 V|0| ■ V/. 

Jm 

Then, by multiplying (2.2) by (1 + q) and adding up with (2.3), we get 
(§ + ,)(! + 

A/n(n - 1) Jm 



[ fW q \V\4 


>\\^qf f\^ + 


/ 


Jm 


Jm 


Jm 



|V/| 2 |0| 2 ^ 2 

n(H 2 + c)(q + 2) [ f\^ +2 . 
Jm 



Using Young's inequality on the last term of (2.3) and using (2.4), we obtain 



[i _ (l + g + e ) g ] f y2|^|2 9 +4 ^ ( n _ 2)H^(n, q, e) f f 



Q + \ ' J M ' ' ' J M 



r2u|25+3 



(2.5) +P 2 (n,q,e) I \^ +2 \Vf\ 2 -(3 3 (n,q,e)(H 2 + c)[ / 2 |0| 2 « +2 , 

JM JM 

where the constants 0i, f$%, /?3 > 0. To ensure 

q + - 

we take q 2 < - and fix a proper e. Again from (2.5) by Young's inequality, we 
obtain 



|V/| 



2g+4 



(2.6) / / 2 |0| 2 ^/3 6 (n,tf,g,c)(/ f+f 

JM JM JM+ J 

So replacing / in (2.6) by f q+2 , the proof is done. □ 

Now we consider the case c = 0, i.e. N = IR n+1 . From Lemma 2.1, we know 
that in the IR n+1 case, 

W £ (l + ^)|V|0|| 2 -|0| 4 + ^ 2 |0| 2 -^^=i/|0| 3 
2 ra \/n(n - 1) 

> (1 + -)|V|0|| 2 - |0| 4 + ntf 2 |0| 2 - ^^|0| 4 - nH 2 \4>\ 2 
n A(n — 1) 

2 T7 2 

(2.7) > (1 + -)|V|0|| 2 



n 4(n — 1) 

Thus, 

(2-8) |0|A|0| + -^— |0| 4 ^-|V|0|| 2 . 

4(n — 1) n 

Then by following the proof of Proposition 2.2, we get the following proposition. 

Propostion 2.3. Suppose M n is an oriented strongly stable hypersurface with 
constant mean curvature H immersed in M n+1 . If n ^ 4, and there exists q ^ 
satisfying 

n 2 2 (n-2) 2 t n 2 2 

2.9 — rg 2 + 1 7 L rq+ — / r 1 < 0. 

v 1 4(n-l) y 2(n-\y [ A(n - 1) n 1 

Then for any f e Cg°(M), 

/2g+ 4 |0|2 , + 4 ^ ^ ;?) /" |v/|2g+ 4_ 
M JM 



3. Curvature Estimates 

In this section, we will first prove Theorem 1.1. This type of curvature estimate 
can be seen in [6] or [TJ. 

Lemma 3.1. Let M n be an oriented hypersurface with constant mean curvature 
H immersed in M n+1 (n ^ 2). Assume xq G M and R ^ 1 satisfying B r (xq) D 
dM = 0. If f is a nonnegative function with Af ^ — C 2 -R~^ 2+2 ^/, 5 > 0, th 



en 



R 



D c R (x ) 



Proof. It is obvious that we only need to consider the case that Br(x ) is con- 
nected. Let M = M x [-R 1+s , R 1+s ], sol-f M n+2 is also a hypersurface with 
constant mean curvature under the standard metric of a product space. 
Define a function on M by 

(3-1) g{x,t) = f(x)exp-^-, 

and then 

A I7 ^,t) = exp^(A / + ^)^0. 

Thus, by the mean value inequality for subharmonic functions proved by 
Michael and Simon [10], letting x = xq, t = and using the condition R ^ 1, we 

get 

TJ ZJn+1 i p 

(3.2) J 2 (x K (1 + _ + ... + _ — ) _/ ; 2 ^, 

1! (n+ 1)!' uj n+1 R n+1 JDH(x ,o)dM 

where ou n+ i denotes the volume of the unit ball in M n+1 , and dv denotes the 

volume element of M. 

By 

{Lh(x ,0) C M} C {D R (x ) C M} x l-R 1+5 ,R 1+5 }. 
Then, we have 

(3.3) fM < / f*. 

□ 

By the general mean value inequality in Lemma 3.1, we are now able to prove 
Theorem 1.1. 
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Proof of Theorem 1.1. Without loss of generality, we assume R c — 1. 
For a choi- 
such that 



For a chosen < r ^ 1, and x G M satisfying B r (x) fl <9M = 0, let a G [0, r] 



2+2(5 I i 1 2 2+2(5 

max a ^ sup |0| = sup 

DC ( X ) D c ( X ) 



Let xq g .D r _ CT0 (x), such that 



_sup |0| 2 =|0| 2 (x o ). 

Then 



sup |0| 2 ^ sup |0| 2 ^ 2 2+2S \<P\ 2 (x ). 



r 2+2(5| j 12/ 



D? () (x ) D c ao (x) 

If (Tq +2<) |0| 2 (xo) ^ 1, then the inequality is true. Otherwise, assume 

a 2 + 2 ^| 2 (x ) > 1. 
Choose 2r] < a < r < 1, such that (277) 2+2(5 1 2 (^ ) = 1. Then we get 
sup v 2+25 \<P\ 2 < sup |0| V +25 < 2 2+2<5 |</»r(^o)?? 2+2<5 = 1. 

^(xo) £>? (x ) 

So from (2.7), we know that in D^(x ), 

(3.4) A|0| 2 ^ -C 3 (n)|0| 4 ^ -CaH^^I^I 2 . 

By using Lemma 3.1 and Proposition 2.2 and choosing a standard cut-off func- 
tion, we have 



H 4 (*o) < / \4>\ A dv 

V Jdc{ Xq ) 

Using |0| 2 (x o ) = (2ri)~( 2+25 \ then 

(3.5) 77* a < C 5 (n, H)2 4+4S . 

So we choose some 8 > — %, and then choose r to be 

5 ' 

1 4+46 

(3.6) < r = r < C 5 (n, H) 6«+a2 . 

Then we get a contradiction, which completes the proof. □ 
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Remark 1. Note that condition (1.2) is equivalent to the following condition: 
If there exists R c , such that for any R < min{i? c , r(x, dM)}, 

(3.7) iDgOOKd, 
where the constant C\ is independent on R and x. 

Proof of Theorem 1.2. If M satisfies the volume condition (1.2), then from Theo- 
rem 1.1, we set r = min{r , r(x, dM)} and a — |, obtaining that for any x G M, 

(3.8) \<P(x)\ 2 ^ < 2 2+2S r^ 2+25 \ 

which completes the proof by the volume comparison theorem. □ 

Remark 2. When dM = 0, it is remarkable that the upper bound of \(f>\ only 
depends on n and H , not even the hypersurface M itself. Theorem 1.2 shows 
that the locally controlled volume growth (1.2) for extrinsic balls implies a globally 
controlled volume growth for intrinsic balls. 

The boundary point set DM is defined as the limit point set of Cauchy series of 
points in M under the Euclidean topology. But our proof is still valid even for 
hypersurfaces like a/x 2 + y 2 = sin - + 1 (z > 0), which has topological boundary 
points. Therefore, the condition dM = 0, as well as in the following theorems, 
can be relaxed. 

Assume \D^\R~ n ~ a is bounded for any radius R and some a, which clearly 
satisfies the volume condition (1.2). So from Theorem 1.2 and (2.7), we get 

(3.9) Af + C 6 (n,H)f^0, 
where 

f=\<t>\ 2 . 

With the Sobolev inequality proved in [9] or [TO], we are able to prove the 
Schoen-Simon-Yau type curvature estimate by Moser iteration. 

Lemma 3.2 (Sobolev Inequality). Suppose M n — > IR n+1 is an isometric immer- 
sion with constant mean curvature H. Let h e Cq(M) be nonnegative, then 

([ h^dvf^ <C(n) / (\Vh\+h\H\)dv. 
Jm J m 

Theorem 3.3. Let M n be an oriented strongly stable CMC hypersurface im- 
mersed in M. n+1 (n ^ 2) with dM = 0, and assume \D^fx) \ ^ KR n+a for any R 
and some a. 

(1) If 2, and R < 1, then 

sup |0| < C(n, H, 6, k)R^~\ 

Bor(x) 
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for every 9 G (0,1); 

(2) If 2 < n ^ 4, and i? ^ 1, then 

sup |0| ^ C{n,H,e^)Rwr*- 1 , 

Be Or) 

/or every 6 1 G (0, 1) and for ^ q ^ 0.18. 
i/ere t/ie inequalities are still true for D^(x). 

Proof. From (3.9), we know that, for s ^ 1, 

(3.10) Af + C e (n,H)sf s ^0. 

For n ^ 2, we multiply (3.9) by £ 2 / s and replace h by £ 2 / 2s in Sobolev inequality 
in Lemma 3.2. Then by combining the two inequalities together and choosing £ 
to be standard cut-off functions defined on intrinsic geodesic balls of M, we get 

(3.H) (/ f^ s dv)^^C 7 (n,H)s[ 1 + 1] / f. 

JB Rt+1 (x) {Ui-K i+1 ) JB R .(x) 

So by taking R < 1, R i+ i = Ri - n, r, = 2" l_2 i? < 1, * = (^)\ we obtain 

(3.12) <: C 7 {n,H)T,qf[r- 2 + 1]*/, <: C 7 (n, H)T, qf (2rf)T, ^ 
where 

h=([ f 2q ^- 

JB Ri (x) 

So from Proposition 2.2, and for R ^ Rq, we have 
sup \<f>\ 4 = lim 7 fc 

B fl0 (x) 

CO ^ 

^ C s (n,H)R 2k ^ [ |0| 4 

(3.13) < C 9 (n,H)R^ 2n [l + (2R-R )- A }\D 2R {x)\. 
Take R = Rq < 1, and then we get 

(3.14) sup |0| < C w (n,H,K)R^- 1 . 

B R {x) 
T 

(2) By setting qi = (q + 2)(^-j-) 1 (q ^ 0) and R > Rq = 1, we can derive an 
inequality similar to (3.13), which completes the proof. □ 
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4. Hypersurfaces With Finite L p -norm Curvature 

In this section, we will prove Theorem 1.3. 
Rewriting (2.7) by using / = |0| 2 , we get 

(4.1) Af - (1 + + , " 2 J 2 > 0. 

V ; J y n 2f 2(n-l) J 



Consider / 7 , where 7 ^ 



1 _ 1 

2 n' 



A/7 + 2(^1) /7+1 = ^- 1 )f^ 2 \^f\ 3 + ^ lA f + 2^^ f7+1 

iVfl 2 r? 2 

(4-2) = 7 /7-i[A/-(l- 7 )l^ + ^— ^^J^O. 

So from the proof of Lemma 3.1 and Theorem 1.1, given J M |0| 27 <iv < 00 for 
a certain 7 > ^ — -, we obtain 

' ^ 2 n ' 

(4.3) |0| 27 (x o ) < C( "lf ) 2( 2+2 ^ / |0| 2 ^ < C(n, tf^+^y-" 

By choosing 5 > f^^, we can actually prove a pointwise estimate similar to 
Theorem 1.1, which means \<f>\ is bounded on M, given = 0. 

Proposition 4.1. Let M n be an oriented hypersurface with constant mean cur- 
vature immersed in M n+1 (n ^ 2) and dM = 0. If there exists p ^ 1 — - , sitc/i 

|</>| p cfc < 00, 

t/ien |0| is bounded on M. 

More precisely, we have the following theorem. 

Theorem 4.2. Suppose M n is a complete oriented non-compact CMC hypersur- 
face immersed in M n+1 (n ^ 2) with dM = 0. // there exists p ^ 1 — - , such 
that 

\<p\ p dv < 00. 

M 

Then for any xq G M and e > 0, there exists R(xq) > 0, such that 

sup |0| < e. 

M\B R (x ) 
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Proof. From the finite L p -norm curvature condition, we know from Proposition 
4.1 that |0| is bounded on M. Fix x G M. Then for any e > 0, there exists 
R(x ) > 0, such that 

/ \<P\ P <c- 

JM\B R (x ) 

Similar to the proof of Theorem 3.3, by taking Rq = 1, we have 

sup |0| < C(n, H)^e^ , 

M\B R+1 (x ) 

which finishes the proof when p ^ 2 — - . 

If 1 — | ^ p < 2 — -, the conclusion is still true, since |0| is bounded. □ 

By Theorem 4.2, we are able to prove a compactness theorem. See [8] for 
reference. 

Theorem 4.3. Suppose M n is a complete oriented CMC hypersurface immersed 
in R n+1 (n ^ 2) with H ^ and DM = 0. J/ t/iere eiasts p > 1 - J, snc/i t/iat 

/ \(p\ p dv < oo. 
Jm 

Then M must be compact. 

Now we begin the proof of Theorem 1.3. 

Proof of Theorem 1.3. Case 1: If H ^ 0, Theorem 4.3 shows that M is compact. 
Then M has to be a round sphere by [3] if M is weakly stable. 

Case 2: If M is non-compact, then M must be minimal also by Theorem 4.3. 

Case 3: If M is stable minimal, and there exists 1 — - ^ p ^ n, such that 
J M \A\ p dv < oo. Then M has to be a hyperplane by Shen and Zhu's result in 
(14] . since \A\ is bounded on M by Proposition 4.1. □ 

Remark 3. Compared to present results of this kind, there are little restrictions 
to n and p, but we need the condition dM = in our proof, which may not be 
necessary. The proof of Theorem 1.3 is still true for hypersurfaces mentioned in 
Remark 2, whose boundary point is not empty, but we can not handle manifolds 
like the open upper half plane, which is obviously not complete. So it is natural 
to ask if there is any complete non-compact hypersurface isometrically immersed 
in ]R n+1 {n ^ 2) with dM ^ ; satisfying that there exists universal Rm, such 
that Dr m (x) is connected for any x G M. 
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